
1.1 Quasi BSM Formula 

1.2 The Single 
Integration Formula 

Pricing Formulae for 
Generai Models 

The c1assic Black-Scholes-Merlon slyle rormula was firsl developcd by 
Heslon (1993) and lhen used by Balcs (1996), Bakshi et al (1997), Duffie 
et al (2000) and Lewis (2001) l'or Levy processes. Sepp (2004) proved lhal 
lhis formula is slill valid ror generaI processes. 

PROI'OSITION I Assllmillg t/tat a c/raraeteristie fimetioll j,,(t;) = E[e;€'"s,], 
for k = I, 2, eorrespolldillg to eae/t model allalysed, exists iII ali allalytieal 
form, t/tere exists t/te follolVillg represelllatioll for t/te ellmlllath'e probabil

it)' fimetioll P,: 

(l.l ) 

THEOREM I Gil'ell tile billaT)' variable cp = I for a cali alld cp = -I for 
a pllt, tilell t/te l'aille of a Ellropeall eOlllillgelll c/aim F(S" t) tlrat pays 
max[cp(Sr - K), O] at termillal time T /tas tile form: 

( 1.2) 

where: 
I - cp 

P,(cp) = ~ + cpII, 

This rormula has been highly crilicised by several recenl papers in lhe 
field or Fourier analysis and lhe results are so c1ear lhal lhis approach can 
be considered relalively obsolele wilh respecllo lhe mosl robusi single inle
gralion approach (see below). A delailed survey on lhis lopic can be found 
in Lewis (2001), bUI also lhe Sepp (2004) and Lee (2004) papers provide 
userul hinls. Nevertheless, lhis classic melhod is slill used by praclitioners. 

The quasi BS formula has anice repreSenlalion in lerms or lhe densily 
probabilily runclion associaled wilh a well-defincd characlcrislic funclion. 
In ordcr lo derive lhal, ICI us prove lhe rollowing preliminary result. 

PROI'OSITION 2 Eqllatioll (1.1) Cl/Il be expressed iII tile follolVillg l/Iterna-
rive form: 

1
+~ 

P. (lnS,) = q,(lnSr IlnS,)dlnSr 
In;\" 

( 1.3) 
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Option Pricing via Quadrature 

u'lIere qJ; is Ille cOlldiliolled elells;,)' probabilil)' fimClioll o[ ,Ile loglirilllm 

DJ Ille ullderl)'illg jìllllllCùzI ill.\'Irllmelll. 

PROOF Recalling Expression (1.1) and wilhoUl loss or generalily sening 

cp == I: 
P, = n,[lnS,. :;: In[K]llnS,] ( 1.4) 

Equalion (1.4) has lhe al!ernalive represenlalion: 

{ +N 
P, = E,( I (I".I',<",KI I ln S,) = l_N I [ ",S, ~",KJi,(ln Sr Iln S,) d In Sr 

Il rollows lhal:' 

1
+N 

P, = f,(lnSr I ln S,) d In Sr 
InK 

( 1.3') 

o 
THEOR EM 2 LeI Fr(ln K) be Ille de.l·ired m/Ile of li T mlllllril)' EI/IVpel1l/ 
opliOlI 11';111 slrike ChIlO. Tlle "alite DJ a Europeall clJlllillgelll claim F(S" I) 

111m pl/)'s max[ CP(ST - K), 0]1/1 lerll/il/I//lime T: 

( 1.5) 

eli/I be expre.uetl il/ lerm .. of l/le risk' l/elllra/ tlclISil)' prabl/bilily fill/cliol/ 
q(ln Sr) lIs.mCil/lctI lI'illi Ilic c/llIrt1clerislic fill/cliol/ i. (/;) li. folloll's: 

F(S" I) = cp[e- ,(r- n 1~. (e'''s,._ e'"A)q,(ln Sr) d In Sr] (1.6) 
III.\: 

PR()()F LeI us consider, wÌlhoul loss or generalily, cp == I. Expression (1.2) 
assumes lhe rorm: 

( 1.2') 

SUhSliluling lhe resul! (1.3) inlo Equalion (1.2'): 

c, =s, 1- q,(lnSr I lnS,) d InSr - K e- ,(r- n 1- q,(lnSr IlnS,) d InSr 
I_ }; 1111." 

Il rollows lhal: ' 

1
+~ 

c, = s, Al.2lh(lnSr l lnS,)dlnSr 
In I\" 

I
+N 

- Ke- "r- n q, (lnSr IlnS,)dlnST 
IIIK 

( 1.7) 

Ignoring lhe suhscripl or q and wilh a linle algehra: 

( 1.8) 

The hypOlhesis or risk neulralÌly is now uscù lo dcline q propcrly. In order 
to c.lo so, a mcasurc thcory rcsuh is uscd:J 

E[Sr I~] _ ~ 
C,T cri - cri ( 1.9) 

Expression (1.9) can hl' rearranged as: 

( l.1 O) 



1.2.1. The Carr-Madan 
Representatlon 

Pricing Formul •• for Generai Model. 

Using lhc abovc condilion in lhc dcfinilion of Radon-Nykodim dcrival ive 
1\' .2 spccifics q complclcly under lhc risk-nculral mcasurc. 

Hcncc, ICI us spccify 1\'.2 as follows: 

ST 
1\1.2 = E[S I~] 

T c" 

So: 

E[S I~J=~ T cri A., 1._ 

Subsliluling Equalion (1.11) inlo (1.10): 

1\ _ ST 
1.2 - c,(T- t)S , 

(1.11) 

( 1.12) 

Thc quanlily cxprcsscd in Exprcssion (1.12) is uniquc· and il allows us lO 
spccify q undcr lhc risk-nculral mcasurc. In fael: 

( 1.6') 

D 

Thc originai rcprcscnlalion of lhc singlc inlegralion formula by Carr 
and Madan (1999) is oUllined herc. This approach has been refined and 

improvcd by lhc work or Lcwis (200 I) and Lcc (2004). 

PROPOSITION 3 Let CT(ln K) be the desired l'aille of a T malllrit)' cali 
optioll IVilh slrike c'o A' • The risk'lIelllral dellsity of Ihe log price In ST is 

dellOled as qT(.')' Thell let: 

'I>r(~) '" f: c'I' qT(ln ST) d In ST (1.13) 

be ,he c/wraclerislic fimctioll (or FOl/rier 'rallsform) of Ihis dellsi,y. 
The cali price cali be e.rpressed iII ,he follo\l'illg form: 

" " 01.' ~ [ -'IT-r)./., ( - ( + I)') ] 
C, (In K) '" _c--1 ~I C- ',,'oK c, o/T V • a I dv 

7T o a- + a - v2 + ,(2a + I) v 
(1.14) 

II'here a E [O. oo[ is kllOll'1I as the dampillg paramerer. 

PROor Scc Carr and Madan (1999). D 

Obviously, lhis formula has lhe advanlage lo invcrl only one charae· 
lerislic funclion, inslead of compuling lwO di/Tercnl invcrsions. as in lhc 

canonical approach. Thc advanlage is bolh in lcrms of eompulalional limc 

and accuracy sincc also quadralurc flaws arc doublcd in lhc classical case. 
As un uddcd bcncfil lhc dcnominator of thc integrand is now a quadratie 

funelion in thc inlcgrating variable v, and as such decays faslcr lhan lhc 

inlegrands in Equalion (1.1). Finally. thc Carr-Madan represenlalion (1.14) 
ullows us lo spii t lhc problem or tiny oplion priccs from lhc problcm or 
machinc sizc precision since c" nh,K scrvcs as a scaling faclor. An appro

priale choicc of Q' cnablcs us to find a scaling value, which allows us lo 

calculatc arbilrarily small oplion prices. A naivc but rcasonablc approach 
lo thc problcm of the correcl choice of Q' is prescnlcd in Scction 5. 
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In Lewis (2001), a direcl mapping or lhe log Spol price eharaclerislic 
funclion from lhe Fourier space is also used, bUI from a more generai point 
or view. In facl, in lhe work or Lcwis, a conlour inlegral in lhe complex 
piane is used lO give an allernalive representalion lo Equalion (1.14) is 
represenled as a conlour inlegral in lhe complex piane. The problem or lhe 
impaCl of lhc damping paramcler a is lhen characleriscd as lhe effecl on 
lhe price of lhe ehoiee or a parlieular slrip of inlegralion in lhe complex 
piane, giving an intuilive insighl aboul lhe inslabilÌly issue. The improved 
version of Lcc (2004) of lhc singlc inlcgralion formula shows some olhcr 
decisive fealures in aecuracy, bUI we choose lo lesI lhis somewhal old 
dalcd formula as il is lhe mosl used allernalivc lo lhc quasi Blaek-5cholcs
Merlon formula among praclilioncrs. 
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