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DFT Convergence to FT

Given the General DFT
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The Convergence Theorem
for General DFT’s (C Th)

I

N
:FU("‘)J(rm) =lm12 e i

Nesir i

s £2CONSOB

Convergence Theorems for Uniform Grids

Condition 1

Uniform Discretization Grid

X=1b

.-:_Iu-m 18




Convergence Theorems for Uniform Grids

Condition 2

N=

R —

DFT specialized

Nl 2%
wmy=>e 7" "f(x)) wheren=1.2,...N

=0

v £2CONSOB

Convergence Theorems for Uniform Grids

fa+x

I e r_‘||'lf.-"3.'\[ z) d=

Z°—iz

-

4 L

Uniform Discretization Grids for ¢T

L (€)= S (-]

2. 6 (&) = U (= D] B4 (- -5, 6]

Convergence Theorems for Uniform Grids

2 £2CONSOB

Syllabus of the presentation

* Review of Option Pricing via DFT

* The Lewis Standard Machine

» DFT Convergence to FT

* Convergence Theorems for Uniform Grids

* Convergence Theorems for Non Uniform Gaussian Grids

:

Condition 1 Condition 2

DFT Simplified Formula

N1
o(n) = e fix;) where n=1...N

j=i

» £:2CONSOB

Convergence Theorems for Uniform Grids

1. T+

I e izlnk 9-.':[ .:J d-

Z-—iz

e

(€ ) = V()
+

N-S

Co[lnK], ~ <20 L R(o())

5 €3CONSOB

Convergence Theorems for Non Uniform Gaussian Grids

Condition 1

Non Uniform Discretization Grid

' B §

L [ |

| (PR SN — [ E———
x=0 =x725 =9 x~15

Convergence Theorems for Uniform Grids

£300NS0B

Nyquist — Shannon Limit (N-S)
FIR) (1) =lim L o)
Now N

by x Jor N even

{1 for N odd

g £2CONSOB

Convergence Theorems for Uniform Grids

2. T+
il I e =ik (9."[ 2 =

Z°—iz

o

| |
¢T (éjfl) = eil(kl)n[lnsﬁb]\lfo[(j —Dn]-[3+ (-1 U 75] 76N7]]

+

N-S

CU [an]; . & alhb';;;'f‘.(a. 13] . ER((L)(” ))

!

2 £2CONSOB

Convergence Theorems for Non Uniform Gaussian Grids

Condition 1

Gaussian Grids

S I —

Optimal choice of discretization points

-+ L I L

Gauss Laguerre Gander Gautschi

£300NSCB



Convergence Theorems for Non Uniform Gaussian Grids

Condition 1

Gaussian Grids

I

Optimal choice of discretization points

LGauar Laguere]

Zeros of
Laguerre Poynomials

» £2CONSOB

Convergence Theorems for Non Uniform Gaussian Grids

Condition 2

N#M

—

General DFT

y1 |2':: m
wm)=3"e """V f(x ) wherem=12,....2M

=

s £2CONSOB

Convergence Theorems for Non Uniform Gaussian Grids

1. i

YE s, ]‘5,4 1
a v, Ll
N TN

[1+i

¢T (5]4) =€
+

C-Th

N+l

Co([InK],) = —‘JI[ . Lol -m'(n):l

Convergence Theorems for Non Uniform Gaussian Grids

Condition 1
Gaussian Grids

[ 1

Optimal choice of discretization points

LGaune Lot |

Zeros of
Legendre Poynomials

» £:2CONSOB

Convergence Theorems for Non Uniform Gaussian Grids

The Convergence Theorem
for General DFT’s (C Th)

[

N
Ffix))(tm) =lim>_ e T Dy, x)

Neor o)

_ 2m
tn = S (m=1)

€3 CONSOB

Convergence Theorems for Non Uniform Gaussian Grids

2. ias

or[Lafig )| -e BV, %a(m,g}m
+
C-Th

Col([Ink]}) = :11[“"'"”%#4}-{”'({“(!—[;, l)1:|

Convergence Theorems for Non Uniform Gaussian Grids

Condition 1
Gaussian Grids

I

Optimal choice of discretization points

Gander Gautschi

Zeros of rescaled \\‘x_ J—
Legendre Poynomials =

» £2CONSOB

Convergence Theorems for Non Uniform Gaussian Grids

e

Gaussian Grids for ¢r

_ lu {% Ins|l¢; ; ' 1
1. (/71(5171) € \Ilo[fjfl] LNH(fJ,l)L'N (5171)
1 ifu[%a(1+;‘,]]][|nsﬁﬁ] 1 1
2. q&r[fa(l-&-f l)]:e | Zallte ) ————
2 l 2 J [PN—l(gj—l)}

5 £2CONSOB

Syllabus of the presentation

* Review of Option Pricing via DFT

*The Lewis Standard Machine

» DFT Convergence to FT

* Convergence Theorems for Uniform Grids

* Convergence Theorems for Non Uniform Gaussian Grids

* Fast Option Pricing
* Fractional FFT

* Non Uniform FFT
*Gaussian Gridding: a matter of interpolation
* Fractional vs Non Uniform FFT: Empirical Analysis

¢ Conclusions

.-:_Iu-m 36



Fast Option Pricing

C . via DFT

Fast Fourier Trasform
Algorithms

Fast Option Pricing

—

CI via DFT

Newton-Cotes

Fractional FFT

Fast Option Pricing

—
C, via DFT
NonUniform FFT

s £2CONSOB

Syllabus of the presentation

* Review of Option Pricing via DFT

*The Lewis Standard Machine

* DFT Convergence to FT

* Convergence Theorems for Uniform Grids

* Convergence Theorems for Non Uniform Gaussian Grids

* Fast Option Pricing
* Fractional FFT
* Non Uniform FFT
*Gaussian Gridding: a matter of interpolation
* Fractional vs Non Uniform FFT: Empirical Analysis
* Conclusions

-‘:ma:lu-h‘! 38

Fractional FFT

Bayley-Swarztrauber F-DFT Characterization

I 1

» £2CONSOB

Fractional FFT

Bayley-Swarztrauber F-DFT Characterization

—I 1

N1
o(n) =Y e 2™ flx;) where n

J=0

Il

£2CONSOB

Fractional FFT

Bayley-Swarztrauber F-DFT Characterization

—I 1

N1
o(n) =Y e fx;) where n=1..N

J=0

with ¥ that can be any complex number

p €3 CONSOB

Fractional FFT

Ify =+

I 1

N-1
(n) —Z eI DAY wheren = 1,2,...N
=0

The standard DFT definition

@ £2CONSOB

Fractional FFT

Choosing two indipendent uniform grids

—I 1

!

"

N



Fractional FFT

Choosing two indipendent uniform grids

— 1

X, =,rs.3(+) Jor j=1..N Spectral Grid

[nK], =S, =b+A, foru=1__N Log-Strike Grid

0 £2CONSOB

Fractional FFT

Choosing two indipendent uniform grids
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Fast Fractional Reconstruction

—I 1

Step 3

I 1

Calculate via standard FFT

\w = FFT(w), T = FFT(z)

= £2CONSOB

Fractional FFT

Fast Fractional Reconstruction

—I 1

The total computational cost drops

O(N?)

O(6Nlog,N)

= £2CONSOB

Non Uniform FFT

Gaussian Gridding

—I L

Step 1

:

Fractional FFT

Fast Fractional Reconstruction

I 1

Step 4

— 1

Calculate

q=wQO7Z

g £:2CONSOB

Syllabus of the presentation

* Review of Option Pricing via DFT

*The Lewis Standard Machine

« DFT Convergence to FT

* Convergence Theorems for Uniform Grids

* Convergence Theorems for Non Uniform Gaussian Grids

* Fast Option Pricing
¢ Fractional FFT
* Non Uniform FFT
* Gaussian Gridding: a matter of interpolation

* Fractional vs Non Uniform FFT: Empirical Analsysis
* Conclusions

£:2CONSOB

-‘:m::lu-h‘! 59

Non Uniform FFT

Gaussian Gridding

—I L

Step 1
Gaussian Convolution of the non uniformly sampled
characteristic function

¢

Fractional FFT

Fast Fractional Reconstruction

—I 1

Step 4

I 1

Calculate

N-1
=0

g £2CONSOB

o(n) = IFFT(q) @ (™)

Non Uniform FFT

Gaussian Gridding

-‘:m::lu-h‘! 60

Non Uniform FFT

Gaussian Gridding

—I L

Step 1
Gaussian Convolution of the non uniformly sampled
characteristic function

—

M=l i (ejx-2kr ) .

&) =) f) D e
J=0

f=—on

.-:_Iu-m 63



Non Uniform FFT

Gaussian Gridding

—I L

Step 1
Gaussian Convolution of the non uniformly sampled
characteristic function

—I L

(i) :
e 4

M-

ey
!
8

o £2CONSOB

Non Uniform FFT

2350

f o FoE
50 = ( 2) /
° i > * * * * 0
0x;: woX X Xy X 2m
} - ; : .
X1 XZ X3 X4 XNfl XN

¢3CONSOB

Non Uniform FFT

Gaussian Gridding

—I L

Step 3
Computation of the Fourier Coefficient of f (x) discretised

| Mzt 5
s __--r'm_,fT'_f_u--Jl
M, D fr (m _u,.)‘

m=0

F.(n)= lim
T[ J My —og

h

Non Uniform FFT
Single Components
200
180
160 /
140 /
120 \ /
100 \ /
i N A
| I o
G Al 7
20 =
: A |- ~
0 ‘\,‘ X % | Xt L X AN Xy 2w
\ a L i
Xy X, X3 Xy Xy_1 X

@ £:2CONSOB

Non Uniform FFT

Gaussian Gridding

—I L

Step 2

Discretization on an uniform oversampled grid of f.(X)

—I L

N-1
.fr[.f)m} = X f [-?'IJ ) K(ym. Tj, \-’J’E: 27)

j=0

5 ok

:

Non Uniform FFT

Gaussian Gridding

—I L

Step 4
NU-DFT representation of the Fourier Coefficient F_(n)

—
w(n)= \EE“HT F.(n)

h

Non Uniform FFT

Gaussian Gridding

—I L

Step 1
Gaussian Convolution of the non uniformly sampled
characteristic function

i I

Nl i (emien ) :
Sy =D f) D e w
=0

f—x

w £2CONSOB

Non Uniform FFT

250

Lo T T T

0 XI X Xs‘;‘ Xy Xy 1 Xyi 2w
X, X, X3 Xy Xn-1

Non Uniform FFT

Gaussian Gridding

—I L

Step 5
DFT representation of the Fourier Coefficient F_(n)

—I L

Fi(n)= lim L;;L,'(Jr?)

My —oa M+

for n=12,.. M-
2

.-:mnlu-m 72




Non Uniform FFT

Gaussian Gridding
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Step 6
NU-DFT derivation as a function of DFT
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Step 7
NU-FFT computation
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Non Uniform FFT

Computational Cost
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The major computational cost of the
Procedure is the FFT on the oversampled grid

—I L

Choosing the oversampling ratio
M, =2M

?

Non Uniform FFT

Gaussian Gridding

—4 L

Step 6
NU-DFT derivation as a function of DFT

1
Fr(n) lim —win)
Aty — A

frr x 7 n2ee I e
win)= “!1;11_1}:\:\ Fc A (n)

forn :1‘2,.....&
2

g £:2CONSOB

Non Uniform FFT

Gaussian Gridding

—I L

Step 7
NU-FFT computation
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Step 7
NU-FFT computation
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The major computational cost of the
Procedure is the FFT on the oversampled grid
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The Computational Framework

Computational Gain F-FFT vs NU-FFT
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Conclusions

Use of Gaussian Grids

NU - FFT | YES

At very low time scales, the
differences are negligible
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FFT’s like - Accuracy

NU - FFT | YES
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Indifference to Nyquist-Shannon Limit

NU - FFT | YES
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Conclusions

Stability of Pricing

NU - FFT | YES
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Indipendent Price Grids

NU - FFT | YES
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Conclusions

Speed of Pricing

NU - FFT | YES
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