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Syllabus of the presentation Review of Fourier Methods in Option Pricing — theory
European Call Maturity T Terminal Spot Price S T

* Review of Fourier Methods in Option Pricing

In AJD models Call Price can be expressed in a form close to the
canonical Black — Scholes - Merton style

e Calibration and Performance

* Greek derivation

« Greek Behavior of New FT-Q C,=SP(©)-Ke " P(0)

F(0).P(0)=Pr(ln S; = In[K])

under different martingale measures

=]

I3

=
=]
I3
=}

BOUNRIYERSITA"

SPURIVERSITA"
%
.
EmONVIIN I
(S5}



Review of Fourier Methods in Option Pricing — theory Review of Fourier Methods in Option Pricing — theory

P(0©).P(0)=Pr(ln S, = n[K])
under different martingale measures = e "?"ﬂ{f"]f (9)
J

1 15
Pr(InS; 2In|K)==+—| R !
r(In §; 11[ ]) 2+ﬂ_{[ e ” d¢

can be

determined by using the Levy’s inversion formula, i.e.:

: -1~ a close formula for the Characteristic Function of the log — terminal price, i.e.:
» -igIn[K]
e /(9 J

S - -
Pr(ln S, 2 111[K]) =3 + - }[ Re > @ 7. (¢) _ E[eiyf’lnsr]

!‘énzausru% ';DEGIJSI'UI;
il[:lll:l:§ i’n:um:E
Review of Fourier Methods in Option Pricing — theory Review of Fourier Methods in Option Pricing — theory
Example of derivation for Heston Model
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Review of Fourier Methods in Option Pricing — theory

Example of derivation for Heston Model

PDE Derivation for portfolio replication

f = fl\.g'bt:l

ﬂ'

df = &L (uSdt+wSdn)+Fdt+ & {.ﬂ{ LB‘—Hdt+0x*’Ldm}

4121 (LS dt) + —’1 (O"Ldt] Za5; (Sopyqv)dt
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Review of Fourier Methods in Option Pricing — theory

Example of derivation for Heston Model

PDE Derlivation for portfolio replication

T=f1—Aifo— NS

the coefficients A, A, are chosen in order
to vanish any randomness of the portfolio
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Review of Fourier Methods in Option Pricing — theory

Example of derivation for Heston Model

PDE Derivation for portfolio replication

no arbitrage hypothesis dm = rTdt

1

—rfo+ —5—= —éf—r S+ ——é—‘—z. 5?7 + :g—glt + aigj—.?apl_zr — [k —v)8fy/ _
Jo

-rfi+ —;i %’5‘75 %=5;152——%—,-iuov—=—3—vap 2v— [k (0 —v)]8f/

- dfi/ &
—rf+& +2rs+ %J_SLLSQ'F%%L + 2L Sop, v — k(6 —v)]0F/Ov  A*(5.0.8)
870 %)

dm
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Review of Fourier Methods in Option Pricing — theory

Example of derivation for Heston Model

PDE specification for the pricing of a Call option:

ac  oc 19°C 1&C , ac ac | \1
" S4+— 242 + 1av+—— [k (8 —v) =X~ (S.v,t)] =
T 3352 ) ? STV Sur,o v+ ‘_KI_Q v) =A% (S,v,t)=0

C(S,v,t=T)=max(0,Sr — K)
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Review of Fourier Methods in Option Pricing — theory Review of Fourier Methods in Option Pricing — theory

Example of derivation for Heston Model Example of derivation for Heston Model

PDE Shift into the forward space PDE Shift into Black-Scholes-Merton space
Clz.v,7)=¢"Clz,v,7) =€ HC(S v, t.T) ) ) e
\T. 0. 7) &Y. T W, L) C(S.0.t.T) = S:P,(5.0.+.T) — Ke = TP, (§ v.1.T)
ac ac 18¢,, . 9C 1 /8¢ ac ac r i - PES ) —
5 e T @ V)t g, W9P10) )(?—E)l—a_hlg—t - Xu| =0 CtU- v, T) Pi(z.v.7)—KP (z.v,
Clz-.v-.7=0) = max(0,e5* — K)
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Review of Fourier Methods in Option Pricing — theory Review of Fourier Methods in Option Pricing — theory

Example of derivation for Heston Model Example of derivation for Heston Model

PDE Shift into Black-Scholes-Merton space PDE Shift into Fourier space
9P, P, 10°P, , . 8P 18°P, 8P, ' ' '
5. T gy 'HC f'\'+§ g2 0 Vg Wop )t g vtz (a—bv) =0 by using the Levy’s inversion formula...
'P.JU'— Ur, T = 0) = llj'x_ =Iln K
ST 1 Cx:s—eflnkf 0;' Ve
- - Pilr—>2hK |z v.)=— U, T =08 z,, v, )dE
where c1=l_ c2=—% a=rf, bhi=K+A—p ,0 b=8+2A (= | Zf./_ 1€ it | ’ .

2. LHE a
by using Feynman Cac formula.... &

_0% o

g Of' ¢ of' 8f;
characteristics of the probability measure P at a generic time 7: ar 3 (r+ev)+3 2 Gl (%) + 3 A LLU,alﬂ + A2 v Oy [a—bv]
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Review of Fourier Methods in Option Pricing — theory

Example of derivation for Heston Model

PDE Shift into ODE space

. . ;o (i) )0, sl
by using the solution: f;(z..v..7=0 £z v, )= e(CH+D 5w, vite. )

—J L

9G;

? = ?‘1£+aDJ

oD; . 1 45 4 . 1. .
8,: = cjf+ §D30" +1£Djop 0 — 5\5‘ —b;D;
el =0

Dy =0

Review of Fourier Methods in Option Pricing — theory
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Review of Fourier Methods in Option Pricing — practice

Example of derivation for Heston Model

PRICING
(:‘If_- = ;_Yf_- P-| = I\/G_T(T_i)Pg

1,1 [ (e 0K (oo p00 s inr
PJ=§+_ R 6 (:_(, + D3 v +1E[In Sy 41 (T f]_| (ff
T Jo i

Example of derivation for Heston Model

ODE Solutions

_ % a1
C‘J:iﬁzf(T—f)—? QE(T_t)+11] 1 ﬂz_l
]

202 L = (?d(T—”
g2 1 — 22pd(T-1)
a1

D; =

d= \U’lz o —b;)? — 0 (2c;6i — £°)
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Review of Fourier Methods in Option Pricing — practice

I e
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How to compute: C,

St L S T —

Quadrature Algorithm
FT - Q for Fast Fourier Transform

THCIVAC) et
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OdFT-Q NewFT-Q
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Review of Fourier Methods in Option Pricing — practice Review of Fourier Methods in Option Pricing — practice

Algorithms Valuation Criteria Algorithms Valuation Criteria
STABILITY ACCURACY
The algorithm is defined stable if and only if The algorithm is defined accurate if and only if

Call via standard Black —
Scholes — Merton

it "closes' the quadrature scheme
spanning the Call under the Black -
Scholes - Merton model via:

the pricing formula a ''reasonable" * 0WFT-Q
on a vast area of giVES result different from o NewFT-Q
o FFT _ - .
the parameters set. a NaN value up to 10 3 precision
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Review of Fourier Methods in Option Pricing — practice Review of Fourier Methods in Option Pricing — practice

Algorithms Valuation Criteria .
adrature Algorithm
K@) 7@) B T

SPEED High Order Newton Cotes

The algorithm is defined fast with respect to Algorithm Up to 8th
the results of the FFT algorithm G
t of 4100 pri long the strik —rt
aseto prices along the strike CI:SIPI(G))—Ke PE(@)
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Review of Fourier Methods in Option Pricing — practice Review of Fourier Methods in Option Pricing — practice

P©)R) e rT Rle).2(0) Quadacrs Algrim
) ew -

In order to overcome the cited problems of Old FT — Q:

Pros (+) Cons (-)
e Gauss - Lobatto Quadrature Algorithm
STABILITY ~ o
ACCURACY SPEED e Re-adjustment of /;(¢)=E [e o ST]

4 =

C,=51(0)-Ke " P.(0)
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Review of Fourier Methods in Option Pricing — practice Review of Fourier Methods in Option Pricing — practice

P(©).P,(©) Quadrature Algorithm e Basic Gauss - Lobatto Quadrature Formula
New FT - Q
In order to overcome the cited problems of Old FT — Q: @

. +1
e Gauss - Lobatto Quadrature Algorithm / [ (@) do e wnf (1) +wnf (1) + 3 wif ()
J—1 -

® Re-adjustment of f(9)=E ["EMST]
2 LIMITED

w; = _ 5 o the interval (-1,
@ N(N=1) [Py (@)}~ ©hemer=ed

C: = S:Pl (@)_ Keiwpz (@> W, =wy = ———
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Review of Fourier Methods in Option Pricing — practice Review of Fourier Methods in Option Pricing — practice

The Gautschi - Gander extension (2000) The Gautschi - Gander extension (2000)

= S= }

[ fx)de=h {:1‘1_1" (a) +waif(3) + Zr:', [f (m 4 a;h)]
ENHANCE

The Gauss Lobatto formula _n 2

N (N =1) [Py ()
2
T N(N-1)

wy = Wy

They develop a GL recursive adaptive
algorithm for a generic interval h=2(3-a)
m= i) (v 3)
i DEGU STUD( & DEGUSTUD
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Review of Fourier Methods in Option Pricing — practice Review of Fourier Methods in Option Pricing — practice

Example of re-adjstment for Heston Model

P (@) P (@) Quadrature Algorithm
1 » 45 New FT - Q (-'Yt _ St Pl . \fe—y-(T—i) Pg

In order to overcome the cited problems of Old FT — Q: 1.1 [, [e®BE (a0, 50, GeiabiiTd |
!—{,-:_—+—/ .‘}?{ gl Sk -}def
e Gauss - Lobatto Quadrature Algorithm 2 mh %
. r _ ipInS; with: d=1/(p 07&i — by )2 — a?(2e;6i — £2
* Re-adjustment of r(¢)=E [e ] s VAR R
e s \ ﬁf i . _‘,_I"r_l‘ B M08 — b + o _ Pracli—b; —d
C;=rie(T —t) = | aa(T — ) + In —— oy = , g =
? at oy 1 ] 2
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Review of Fourier Methods in Option Pricing — practice

Example of re-adjstment for Heston Model

% g-_:_E:r.l‘{'I'—rj 1
(_-IJ' F‘E‘E(T f} H—’ CI-_)(.T I‘J + 1“(‘5“,71
g2 a2

g

Dy 1 — (.,(It]‘"—n
Dj=— -_’_J 1 — 9z ed(T—t)
a 01(
. ) a . a (1—e ) (po0€i —b; +d)
C; = ;-f.f‘r‘—; (;JI_Q!‘}‘EJ—F!J—(!)T—;Z]H (l i 2d

D (2¢i€i — €% (1 —e ")
To2d- (proo€i—b;+d) (1—e )
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Review of Fourier Methods in Option Pricing — practice

P, (@)_ P, (@) Quad;atur; ’?lggithm
ew FT -

Pros (+) Cons (-)

STABILITY SPEED
ACCURACY
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Review of Fourier Methods in Option Pricing — practice

C Fast Fourier Trasform
t FFT

Cooley - Tukey algorithm

N

N N
1 1
Ny S0 - Iy -
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Review of Fourier Methods in Option Pricing — practice

C Fast Fourier Trasform
t FFT

Cooley - Tukey algorithm

Applied to the equivalent formula via a recombinant FFT parameters

4 =

efnzan 50 K E
fo e " T (p)dg for ATM

C =

™
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Review of Fourier Methods in Option Pricing — practice Syllabus of the presentation

C m Fast Fourier Trasform
t FET * Review of Fourier Methods in Option Pricing

¢ Calibration and Performance

Pros (+) Cons (-) s Greek derivation
* Greek Behaviour of New FT-Q

SPEED STABILITY
FASTER e Dl

(up to 40 times the quadrature algorithms)

ACCURACY

** the recombinant FFT parameters must be
changed according to the choice of the
pricing models
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SSE, = mi N Co(S)-C (S, ' Quadrature Algorithm
1}}3};;[ v ()= C o )]“ o T -0
vit).d
I : | | :: | Pros (+) Cons (-)

The Calibration Procedure and Performance The Calibration Procedure and Performance
N
SSEI = 1min Z I:C,Ifm'?cer (SI )_ CAJD (SI )]
n=1

STABILITY
Quadrature Algorithm Fast Fourier Trasform
FT-Q FFT ACCURACY
SPEED

S ol

OIdFT-Q NewFT-Q
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The Calibration Procedure and Performance The Calibration Procedure and Performance

= y Fast Fourier Trasform — y i
SSEr = E’Hg ; [Cﬂm'k@r (Sr )_ CAJD (Sr )] FFT SSE t = HHI‘% ; [CA\[m‘imr (Sr )_ CAJD (Sr )] Quad];a;::’r;f _g-grlthm

Pros (+) Cons (-) Pros (+) Cons (-)
SPEED STABILITY * STABILITY
ACCURACY ** ACCURACY
SPEED
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The Calibration Procedure and Performance The Calibration Procedure and Performance

By keeping in mind that only New FT-Q is stable and accurate,

some figures on speed Calibration Performances using

Option Readjusted Pricing Formulas

where available

Original Option Pricing Formulas are used

Heston Model Merton Model BCC Model
FFT 7.26sec. | 10.54sec. | 18.33 sec.

Heston Model Merton Model BCC Model
NEWFT -Q ["55 12 sec. | 66.48 sec. | 110.39 sec.

Heston Model Merton Model BCC Model
OLD FT = Q ['390 41 sec. | 454.76 sec. | 722.1 sec.

By now, the speed of Fourier Trasform method is closer

than ever to the FFT calibration time

EU)%E‘HIT%'

43

Heston Model Merton Model BCC Model
FET 7.24sec. | 10.54sec. | 18.32sec.

Heston Model Merton Model BCC Model
NEW FT - Q 23.13 sec. | 66.48 sec. 48.7 sec.

Heston Model Merton Model BCC Model
OLD FT - Q 3316 sec. | 454.76 sec. | 688.5 sec.
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Syllabus of the presentation Greek derivation

European Call Maturity T Terminal Spot Price S T
* Review of Fourier Methods in Option Pricing

* Calibration Procedure and Performance In AJD models Greeks can be derived by using the following equivalences

» Greek derivation ‘__/4 I | L\7

* Greek Behaviour of New FT-Q

S¢%+Kﬁ=0 82P1 — BEP]_ Se%— _r'r_i}Kg?Q =0
95 0K 35.0K ~ 9Ka5s. ¢ . ¢
8P, 9P 2P 9P P=5

s, K210 on _ b ; A
AT 950K _ 9Kas, & = e T-Up
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Greek derivation Syllabus of the presentation

Example of derivation for Heston Model

Ae=P . . . . . .
. * Review of Fourier Methods in Option Pricing
To=oe
95 e Calibration Procedure and Performance
Ve = 5,28 e 0P
‘c=wig -~ ‘ ..
Ove Ove * Greek derivation
pe=Kre7 TE .
* Greek Behaviour of New FT-Q
Oc= -5 (%1;5'2_] ] [0p10v+ [K(6 —v) —Av]] — %’L (3Sc™v) —
—Ke—~ [rPg — %U%%—fﬁ — %jfl k(B —v)— }\L‘]]
8P _ P,
V=521 Ke7Z 2
T ov?
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Black — Scholes Delta

Greek behaviour of new FT-Q
I
An impressive methodology to test Stability of the I ‘
New FT — Quadrature algorithm is to compute Greeks —
|
It

Infact, in an AJD setting the Greeks are available in
closed form

So, an extended spanning of the AJD Greeks on the 0.9

parameters set is useful to assess models and test

Stability
200
P 49 P SUE 50
gi&g’% gaaﬁjg
BicOCE EICOCE
Heston Delta L ambda = -2 Heston Delta Lambda =2 I

iy i "%
i Y CappaV =2 % ,
i, i =
—_— ’%’/%%@ \ “*z///'//i/////f%h, - 08 Cappav 2
o i, - 08 ThetaV = 0.3 L '
U b iy
G, e o T ny—— 07 ThetaV = 0.3
h N EtaV = 0.1 Wi ——
O N 06 1 ° EtaV = 0.1
i V4 jf———— aVv = 0.
//—
i 05 Rho=0 ! [ 05
/ % -_—
! 04 / 04 Rho=0
’ 03 / 03
02 0,2
0,1 01
° 0
s 200 s 200
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Heston Delta

Heston Delta

Rho=1

Rho =-1
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Lambda

Heston Gamma
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Heston Gamma
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LambdaJ

Merton Gamma

Rho=1

Heston Gamma
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Masterclass: Implementing affine jump

diffusion models at the trading desk
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